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Effects of hard constraints in the stability of model-predictive control (MPC)
are reviewed. Assuming a fixed active set, the optimal solution can be expressed in
a general state-feedback closed form, which corresponds to a piecewise linear con-
troller for the linear model case. Changes in the original unconstrained solution by
the active constraints and other effects related to the loss of degrees of freedom are
depicted in this analysis. In addition to modifications in the unconstrained feedback
gain, we show that the presence of active output constraints can introduce extra
feedback terms in the predictive controller. This can lead to instability of the con-
strained closed-loop system with certain active sets, independent of the choice of
tuning parameters. To cope with these problems and extend the constraint handling
capabilities of MPC, we introduce the consideration of soft constraints. We compare
the use of the L,-(quadratic), I;-(exact), and l,-norm penalty formulations. The
analysis reveals a strong similarity between the control laws, which allows a direct
extrapolation of the unconstrained tuning guidelines to the constrained case. In
particular, the exact penalty treatment has identical stability characteristics to the
correspondent unconstrained case and therefore seems well suited for general soft
constraint handling, even with nonlinear models. These extensions are included in
the previously developed Newton control framework, allowing the use of the ap-
proach within a consistent framework for both linear and nonlinear process models,
increasing the scope of applications of the method. Process examples illustrate the
capabilities of the proposed approaches.

Introduction

An important aspect in the application of model predictive
control (MPC) is the effect of the presence of constraints in
the stability of the resultant closed-loop system. Recent work
by Zafiriou (1990-1991) has shown this to be a significant
issue, because of the frequency with which saturation can occur
during routine operation. Considering the QDMC (quadratic
dynamic matrix control) framework, he was able to identify
several situations where the decrease in the degrees of freedom
available to influence the process masked the effect of the
tuning parameters for stabilization, rendering the constrained
system unstable. These effects lead therefore to an important
issue in the design of constrained control systems.

Usually, current design of constrained predictive controllers
is an iterative process. Typically, it starts with a candidate set
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of tuning parameters, representing an acceptable uncon-
strained design, obtained by taking into consideration, for
example, the performance and robustness of the unconstrained
system. The closed-loop performance of this controller then
needs to be evaluated in the presence of the constraints which
can potentially become active during the operation of the proc-
ess. Depending on the results obtained, it might be necessary
to adjust the initial parameters in order to achieve a good
overall behavior with all possible active sets. These changes
require in turn a reevaluation of the modified design according
to the criteria used in the first step. Hence, it is essential in a
good constrained design methodology to have the components
to assess the closed-loop performance of the process, especially
its stability properties in the presence of various types of con-
straints, and to have a systematic procedure for adjusting the
tuning parameters, or if necessary to adapt the constraint han-
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dling methodology used in order to provide a global, closed-
loop performance. Both of these issues are addressed in detail
throughout this article.

We start by presenting a comprehensive treatment of the
effects of the presence of active constraints in the stability of
the predictive control. This study is motivated by the pioneering
work of Zafiriou (1990; 1991a,b) in this area. Similar to this
analysis, the nonlinearities introduced by the presence of active
constraints are handled through separate consideration of each
different active set. A disadvantage of this approach is that a
complete analysis requires checking all possible combinations
of constraints in order to guarantee global properties. This is
essentially a combinatorial task, which introduces considerable
difficulties in the analysis of predictive horizons of the size
usually considered in practice. However, as described below,
much of the same information can be derived from a signif-
icantly smaller subset of constraints. The present analysis also
shows that the optimal solution can be expressed in a general
state-feedback closed form, similar to the unconstrained case.
Here the modifications introduced in the original solution by
the presence of constraints are clearly displayed. Even so, a
change in the adjustable parameters of the controller might
not be sufficient to prevent, in the worst case, the instability
of the closed-loop system with certain active sets, as illustrated
in the examples included.

To deal with the stability problems caused by the presence
of active hard constraints, we introduce in this work a con-
straint relaxation scheme based on the use of penalty functions.
This feature is also created as an extension of the previously
developed Newton control framework (Li and Biegler, 1989;
Oliveira and Biegler, 1994), allowing a straightforward gen-
eralization of these results to the nonlinear case, because of
the uniform treatment of both types of systems provided by
the formalism. .

This article is organized as follows: a brief review of the
Newton control formulation is given and followed by the sta-
bility analysis of MPC in the presence of hard constraints.
Assuming a fixed active set, we first show that the optimal
input profile can be expressed in a general state-feedback form.
In addition to changes in the unconstrained feedback structure,
we demonstrate that the presence of active output constraints
can introduce extra feedback terms in the predictive controller.
Therefore, together with a decrease in the degrees of freedom
available, this can lead to stability problems of the constrained
system with certain active sets, independent of the choice of
tuning parameters used. A constraint relaxation treatment ca-
pable of preventing the occurrence of these problems is intro-
duced next. Here we address first the common case of a
quadratic penalty objective for which simpler stability results
are derived compared to the treatment of Zafiriou (1991a).
These directly relate the stability of the relaxed constrained
problem to an equivalent modification in the tuning parameters
of the original unconstrained problem. We show that in general
only a maximum finite value of the penalty parameter can be
tolerated for stability. Since the stability characteristics of the
relaxed problem are still dependent on the current active set,
this approach suffers from the same disadvantage as the hard
constraint analysis; it is combinatorial in the length of the
predictive horizon.

To eliminate this last requirement we then introduce an
alternative soft constraint treatment, that uses the /, or /.-
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norm penalty formulations. In this case, we demonstrate that
the resultant constrained system has identical bounded stability
properties to the corresponding unconstrained situation. More-
over, if the original hard constrained controller is stable, the
{, strategy requires only a finite penalty parameter (larger than
the norm of the Kuhn-Tucker multipliers) to match the solution
of the original problem, in contrast with the quadratic penalty
case which requires a parameter value of infinity. This char-
acteristic allows much better control of the errors resulting
from constraint relaxation, and simplifies considerably the use
of the soft constraints, especially for nonlinear systems. We
also discuss in this section the possibility of occurrence of
steady-state offsets for large values of the penalty parameter
and short horizons (due to the receding nature of the control
law), together with sufficient conditions for their elimination.
The use of alternative penalty formuiations and their possible
effects on the closed-loop stability properties are also consid-
ered here. Finally, these developments are illustrated with ap-
plication to several process examples.

Preliminary Definitions

A short overview is presented here of the Newton control
formulation used in the analysis of the stability properties of
MPC in the next section; a more complete description can be
found in Oliveira and Biegler (1994). The analysis presented
here is based on the control law expressed in magnitude form,
where the independent variable is U. This formulation is par-
ticularly convenient for studying the stability properties of the
resultant controller.

We denote by u € R™ the vector of system inputs (manipu-
lations), x € R™ the vector of state variables, y € R™ the vector
of system outputs, 6 € R™ a vector of system parameters, and
d € R" the vector of process disturbances. The lengths of the
input and output predictive horizons are m and p, respectively,
with m < p. The identity matrix of order » is denoted here by
I.€ R™". We start by defining a discrete system operator as:

Xk =Xk 1 =X e+ T ey Xy Uyy d5 0),

where we assume that the transition function x is continuous
and differentiable with respect to all of its arguments. This
operator can be obtained from a continuous plant model,
provided that it satisfies the proper Lipschitz continuity con-
ditions (Economou, 1985), or by direct application of discrete
identification techniques to the system under consideration.
In a similar form, we denote the operator induced by the
control algorithm generically by w,,, =y (xx, U, Vi), Where
Yu corresponds to the value of an external reference input
(setpoint), specified over a finite horizon (also in discrete time).
Thus, together with the previous plant model, an augmented
closed-loop system can be defined as:

x (X5 uy)

1= [x*”} =X (T 24 Yu) = [ ] )
1f,/(-xks ukv yrk)

Ui

where we have omitted the dependence of z on T, d, and 6 for
clarity of notation.

More specifically, the selection of the control law in the
Newton framework is based on a quadratic performance index
in a moving horizon of length p, which corresponds to the
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solution of the following constrained quadratic programming
(QP) problem:

min J,= (Ysp" Y)TQI( Ysp_ Y)+(U- Ur)TQZ(U"' U) (la)
(2]

s.t. Y=Y"+85,U (1b)
U=sUs=sU, (1o)
Y,=Y<Y, (id)

Note that this QP can also be expressed in terms of input
changes AU, as in the QDMC formulation (Garcia and Morari,
1982). Here we simply substitute LAU for U above where L is
a lower triangular matrix with elements of one on and below
the diagonal, and the above QP as well as the entire analysis
in the article remains unchanged. The solution of Egs. la-1d
corresponds to a Newton step towards the solution of the pre-
dictive control problem for a nonlinear process model, or the
optimal profile in the linear case. Here
Q,=diag{Q,;} € R"*"#) and Q,=diag{Q,;} e R"™* "™ are
adjustable weights in the objective. Also, capital letters E, X,
Y, and U are used throughout this article to denote augmented
vectors defined for the entire predictive horizon. Thus, for
example, U corresponds to the augmented input vector:
UER"imE[u{ u17(.+] ot ul7(-+m—]]T-

The vector U, defines a reference trajectory for the inputs,
similar to the role of Y, for the outputs. S, is the system
dynamic matrix, This matrix can be formed directly from a
linear process model or obtained from a sensitivity analysis of
a nonlinear model around a nominal trajectory U (Oliveira,
1994). It generates in the second case a linear time-varying
(LTV) approximation of the original process model, as part
of the Newton iteration. Y™ corresponds to the system response
for azero input. For linear models, Y can be expressed directly
in terms of the initial conditions and sensitivity coefficients,
as:

CkHQk

Crs 2P 1P

* *
Y =C'x= Xier

Ck+p(nf=l¢k+p—j)

Here C,,; corresponds to the output matrix, while &, ; rep-
resents the state transition matrix. Replacing Eq. 1b directly
in the objective, leads to the following formulation:

min J,= (E* - S, U)Q,(E* - S,,U)
U

+(U-U)QU-U,) (2a)
s.t. U=sU=sU, 2b)
Yu<S,U<Y.y, (2¢)
where we have defined E*=¥,,~ Y*, Y= Y,— Y*, and Y},
—Y,-Y"
1140
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For the unconstrained case, the analytical solution of the
previous problem is:

U= (S50,S,+Q,) (STO.E™ + Q,U,) =Kx +dy,+d,, (3)

where
H=SL0\Sm+Q, (3a)
K=-H'Sho.C"’ (3b)
d,=H'SL0\Y, (3¢)
d,=H'S,Q,U. (3d)

In the above solution, K corresponds to a state feedback term,
while d, and d, can be seen as additional bias terms, denoting
the fact that nonzero reference values are used for Y, and U,.
Clearly, only K contributes to the stability of the closed-loop
system, since the remaining terms are fixed and bounded. The
receding nature of MPC also requires that only the first move
in computed profile be implemented at a time with the calcu-
lation repeated at the next sampling point, using any additional
information available. This implies that the implemented ma-
nipulation at #, is u,=[I, 0 --- O)U, where U is given by the
solution of either Eqs. 2 or Eq. 3.

Effect of Active Hard Constraints in the Closed-
Loop Stability

In the presence of active hard constraints, the optimal input
profile needs to be found as the solution of Eqs. 2. For a fixed
(given) active set, we will denote the corresponding constraints
as:

ru=Uu; (4a)

SeU=Yi~Y"=Yi—C*x, (4b)
The superscript g is introduced to denote active constraints.
We represent the number of currently active input and output
active constraints by n, and n,, respectively. In this case, the
matrices 1° € R™* "™ and §7¢€ R """ are obtained through
selection of the rows of [, ,, and S,, that correspond just to the
currently active constraints. Here U; and Y} represent the
values of the active input and output bounds, respectively.
These express either upper or lower bounds, or equality con-
straints which can also be specified for these variables. The
above set of constraints can also be represented in a more
compact form as:

AU=c,, )

r U;
A= y Cp= e |-
S Y;-Y"*

The effects of the presence of constraints are better illus-
trated with a range and null-space decomposition, performed

where
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on the matrix of constraints A. Since this matrix can be ill-
conditioned, it is preferable to base the decomposition on a
QR factorization of A7 with column pivoting (Golub and Van
Loan, 1989). The advantage of this algorithm is that the de-
termination of the numerical rank of the matrix to be factorized
can be done simultaneously in a numerically robust form,
taking into consideration the precision of the data available.
Assuming that the rank of A is n,<n, leads to:

®
ATP=QR=[Q.y QZ][O:" (6)

where Q € R*“" is an orthogonal matrix satisfying Q’Q=1,,
and ®ReR™“"*™ s an upper triangular matrix.
PR+ * =" ig q permutation matrix, obtained by inter-
change of the columns of the identity matrix of the same order.
Q, and Q, correspond to a partition of the columns of Q with
Q, € R ™ and Q, € R"* """ respectively.

Premultiplying both members of Eq. 6 by Q" gives Q74P
=® and Q’A"P=0. This implies that:

PTAQ,=®7 and A4Q,=0, %)

and therefore @, corresponds to a basis for the nuil-space of
A. Hence, the full U space can be partitioned into range and
null-space components as:

U=QyUy+ Q.zUz’ (3)

where U, € R and U, € R"~ ™. The optimal solution for U can
then be found separately in terms of these two components,
which can be combined in the end according to Eq. 8 to give
the optimal profile. It should be noted that since the U, com-
ponent is entirely determined by the current active constraints,
the number of degrees of freedom in the input profile to be
determined is just n;,—n,.

We will start by calculating U,, which can be obtained by
replacing Eq. 8 in Eq. 5, giving AQ,U, =c,. This implies that
PTAQ,U,=P'c, or from Eq. T:

R'U,= PT[
Y

b

Ub . T
=P Cae 9
Y*a ( )

If n,=n,+n,, that is, A is full row-rank, Eq. 9 constitutes a
set of linear lower triangular equations which can be solved
by forward substitution to obtain U,. The solution can also
be expressed analytically as

U; U;
U=R""TpP" =[B, K e ls
’ [Yz‘?—Y*"] & y][YZ—Y"]
or

U,:ByU§+Ky(Y§—Y*”), (10)
where we have defined [B, K,] as a compatible partition of
the columns of ® ~"PT. As with the unconstrained case, the
contributions for U, in Eq. 10 can be grouped into a bias term

(given by B,U{ + K, Y7), and a feedback term — K, Y. It should
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be noted that this last term will only appear in the optimal
profile if there exist output constraints which are active.

However, if n,<n,+n,, the matrix ®” will have a lower
trapezoidal structure, and the linear system of Eq. 9 is over-
determined, corresponding in general to a disjoint active set.
In this case it is possible to create the partitions:

RT= [(Rq and ¢,= |:C"":|
T a s
(RI cal

where ®! € R**" corresponds to the upper triangular part of
®, ®RT € R\"*ny=1)xM i the remaining rectangular matrix, and
¢, € R™, ¢, € R™*™~"™ constitute an equivalent partition of c,.
This allows us to solve the lower triangular system ® U, = P'c,,,
to find U,. The computed solution can then be plugged back
in the remaining equations, to check the feasibility of Eq. 9.
If this set of equalities is compatible, then U, can still be
expressed in the form of Eq. 10, with [B, K] corresponding
now to a column partition of ®; "P". It should be noted that
in this case the choice of active constraints which are retained
in ®, doesn’t affect the stability properties of the resultant
controller (although it apparently can induce a different feed-
back structure), since all choices of constraints produce the
same value of U,.

On the other hand, the term U, is determined by adjusting
the remaining degrees of freedom in the profile to minimize
the objective, if there are any left. From Eqgs. 2, J, can be
expressed as:

L (U)=c+2a"U+ UTHU, (11

where a= —~SIQ,E* - Q,U, and H is given by Eq. 3a. Re-
placing Eq. 10 in Eq. 11 gives

L (U,) =constant + 2a"Q U, + 2U, QTHQ, U, + UTQTHQ .U,
Solving v J,(U,) =0 leads to:
U= - (QHQ) 'Ql(a+ HQ,U,). 12)
Equations 10 and 12 can finally be combined to give the an-
alytical solution of the predictive control law. Replacing these
in Eq. 8 gives:

U=Khxk+d,,'sp+d,,,+d,,,,+d;,y, (13)

where we have defined:

H,=QI(S,Q0:S»+ 2,)Q. (14a)
B=Q.H,'qQ] (14b)
K,=- I,,~ BH)Q,K,C**~BSLQ,C* (14c)
d,,,=BSLQ\Y,, (14d)
d,,=BQ,U, (14e)
@y = (I,n— BH)Q,B,U; (149)
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dhy= (In,m_BH)Q.yKyYZ' (143)
Analogously to the unconstrained solution, the stability of the
closed-loop law corresponding to a given active set depends
only on K, since the other terms are fixed within a given active
set, and are bounded for all sets of constraints. Comparing
Eq. 13 with the corresponding unconstrained solution of Eq.
3, it is possible to observe that the general effect of the presence
of constraints is to change the feedback structure of the system,
replacing the unconstrained Hessian H by B, and introducing
also additional bias terms d,, and d,,. In addition, the presence
of active output constraints may yield extra feedback terms,
as indicated by Eq. 14c. These feedback terms, which depend
just on the current active set, can induce closed-loop instability
in certain situations, as illustrated in the examples below. Also,
as pointed out by Zafiriou (1990), we note that the stability
properties of the predictive control law (Eq. 13) with hard
constraints are identical for each of the upper and lower bounds
in the process variables, since the feedback term in it is not
influenced by the magnitudes of the bounds U, and Y, in Eqs.
4.

The global stability properties of the constrained system can
now be considered. As indicated by Eq. 13, the overall con-
troller is piecewise linear in x,, with a structure which is only
dependent on the current active set. This allows the use of the
contraction mapping principle to show the following results.

Theorem 1 (Economou, 1985). Consider the augmented
closed-loop system (Eq. 1) defined by the discrete LTV model
Xi+1=®rxp+ Uiy, together with the state-feedback control
law (Eq. 13), uyqy =¥ X3+ Tott + d (s, u,). Define also an
initial state zo=[x] u]]” and reference inputs Yopusi=r"s
Uprig=u",i=1, ..., p. If:

ax dx
', * * a a
"F,(Z)HE“aX(T,x, wy" wh)| | ox bl
o % o
ax du
vZ€® (2, 1),
where
WX (T; 2o, ¥*) — 2ol
rzr,= s
(1-0
and

®B(zo, )={z€R"" ™ lz—z )l <r},

then the system has a unique asymptotically stable equilibrium
point z,=[xI ul]” in ®(z,, r). Furthermore, ®(zy, o) is a
region of attraction for z,. (Here Il - Il represents any consistent
norm definition.)

This theorem provides a sufficient condition for the stability
of the closed-loop system, although its application with con-
strained systems is frequently limited in practice by the need
of finding a consistent norm for different active sets. The next
result is simpler to verify in the general case, even though it
represents only a necessary condition for stability.

Theorem 2 (Zafiriou, 1990). Consider the augmented

Vol. 40, No. 7

closed-loop system (Eq. 1) defined by the discrete LTI model
Xi o1 =9x, + Ty, together with the state-feedback control law
(Eq. 13), uy, =¥x, + Tu, +d(yy, 4,), an initial state zo=[x]
uf]” and reference inputs yo,;.;=y", Ui =u", i=1, ...,
p. This system can only be asymptotically stable in ®(z,, r)
if:

) T
psr[F (z)]zpsr<\1’ T) 50<19 VZG(B(Z(), r)’

where p,(+) represents the spectral radius of a matrix,
0.(A)=max;I\,(A4) .

As mentioned, this theorem provides just a minimal con-
dition for global stability. Nevertheless, it is frequently used
in practice, together with an implicit assumption about the
rate of change of the system structure (the so called siowly
varying systems (Vidyasagar, 1978)). For example, when con-
sidering the closed-loop response of a LTI model with a fixed
setpoint, and sufficiently small disturbances such that no
changes in the current active set occur, this last condition
becomes also sufficient for stability, since a fixed active set
induces a fixed control structure. Furthermore, since any in-
duced norm constitutes an appropriate consistent norm, theo-
rem 1 becomes also easier to apply in this situation. Both of
these results will be used in order to assess the stability of the
examples given below.

Special cases

We consider now some specific cases of Eq. 13, which in-
troduce special characteristics in the closed-loop behavior, when
some particular combinations of constraints are active.

Only Input Constraints Active. In this case, the only active
constraints are of the form of Eq. 4a. Because of the special
structure of the matrix of constraints, the range and null space
decomposition is straightforward. For example, if:

e 00100
“loocoo1l’

then
00 001100 10
00 00j010 01
(IH"={10|=(10[000 00
00 000|001 00
01 00)]000 00

Q Q& @ ®0O

As can be observed, Q, may be taken in this situation as 7,
and Q, formed from the remaining columns of the correspond-
ent identity matrix. From Eq. 8, this immediately implies that
if there are no constraints active in the first interval of the
horizon, the implemented control input u, always comes from
the Q, (or null) space, and corresponds to the first components
of Eq. 12. Also in this case, ® =1, , and there’s no need for
column pivoting during the QR factorization of A. Further-
more, the projected Hessian H, is simply formed by selection
of the free columns and rows of H, according to Eq. 14a. The
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inverse of this matrix is later projected back into the full space
during the computation of B, as indicated by Eq. 14b.

First Output Constraint Active, with Single-Input Sys-
tems. Here the bases for the range and null spaces of the
constraint matrix need to be found in general through the
standard decomposition algorithm described above. However
since Q. always corresponds to a basis for the null space of
A, this implies that:

a, 0 0
AQ,=|a 0 0
ay . a3,y 0
Zn 22 Zin-n,
n in Zani-n, 0,

and therefore the first row of @, must be identically null, that
is, [z 212 *** Zyn-n)=0. From Eq. 8, this implies that the
null space contribution to U is completely omitted in the im-
plemented control u;, and is determined by U, alone. As a
consequence, the normal feedback structure of the controller
is suspended, and the only possible source of feedback in the
closed-loop system will be any active output constraints, as
indicated by Eq. 14c. If there are only active input constraints,
then the system will essentially behave as open-loop. This sit-
uation corresponds therefore to one of the most severe losses
of degrees of freedom that can be induced by the presence of
active constraints. It may easily induce closed-loop instability
in several situations, such as with open-loop unstable plants
and systems with nonminimum phase characteristics. This be-
havior is observed in some of the examples presented below.

Maximum Rate Limits in the Inputs. Maximum bounds in
the rate of variation of the manipulated variables corresponds
also to a frequently used direct control objective in MPC; most
of the existing implementations provide some facility for the
treatment of these constraints. These limits are especially useful
to prevent aggressive control moves caused by strong changes
during the process operation. The corresponding constraints
can be expressed in the form

JAue, = lup i =iy <AUpay =0, ..., m—1,
with u, _, given, and Au,, representing the maximum allowed
input move during a unique sampling interval. These equations
can also be written in matrix form as:

— AU = GU= AUy,
where
1 000--- 00
-1 100--- 00
G= 0 —-110--- 00]eRwWm>mm (15a)

0 000----11
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iuk—l+Aumax /:1

AUy, ;= i (15b)

Al Jj=2,...,m

When active, these constraints become equalities of the form
G*U=AU:,,, where G° and AU}, are formed from the active
rows of G and AU, The effects of their presence on the
closed-loop stability, for example, with a mixture of constraints
of the other types can therefore be treated by the algorithm
described previously. Applying a similar reasoning, it is pos-
sible to conclude that analogous to the effect of active absolute
bounds on the inputs, the stability properties with rate con-
straints depend just on the given active set, and not on the
bounds themselves. However, the tuning parameters used can
certainly influence whether or not a given active set of this
type can become active (that is, optimal). Also, we should
notice that because of the special form of Eq. 15a, similar
considerations to the constrained single-input system case can
be made here. Having a rate constraint active during the first
sampling interval will also cause the closed-loop system to
behave essentially as open-loop during the same period of time.
Hence, possible stability problems with unstable plants can be
anticipated in this situation as well.

Examples

We illustrate now the application of the previous method in
the elucidation of the constrained stability properties of MPC,
with a number of simple process examples. These particular
models were selected in order to provide a succinct view of the
more common behaviors and stability effects that can result
with active hard constraints. Additional examples can be found
in Oliveira (1994). The results shown here were obtained
through an implementation of the algorithm described above
in the Mathematica language (Wolfram, 1991).

Example 1. We will start with the first-order plus time-
delay SISO system given by the transfer function:

—0.06s

GO =y

This corresponds to a frequently used class of models that
describes chemical processes with relatively simple and slow
dynamics. The equivalent discrete pulse transfer function ob-
tained with a sampling time 7=0.1 is:

0.03921 (z + 1.427)

HG(2) = z(z—0.9048)

For this model, we consider only simple bounds in the input
and output variables, of the form of Egs. 4. The lengths of
the predictive horizons used with it are m=p =35, with tuning
parameters Q, =1, Q,=0.01. In Figure 1 we have represented
the spectral radius of the resultant closed-loop system, for each
possible active set that can occur with this type of bounds. In
order to sweep all different combinations of constraints in a
systematic form, the following procedure is used. We begin
by appending the output horizon to the end of the input ho-
rizon, in order to form a unique extended horizon, as indicated
in Figure 2. Then, starting at the left, we read the correspondent
binary number obtained by assigning either the bit 0 or 1 to
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Figure 1. Closed-loop spectral radius (SR) of example 1
for all possible combinations of constraints.

the position of each variable in the extended horizon, de-
pending on whether the correspondent constraint is inactive
or active. For example, the total number of constraints in this
case is 2'9=1,024. This means that the active set 0 will cor-
respond to the unconstrained system; the active set 1 denotes
the situation where only the first input in the first interval of
the horizon is active; the active set number 32 represents the
first output constrained only during the first interval; finally
the last active set (1,024) represents the fact all input and output
constraints are active simultaneously.

As can be observed, there exist certain active sets for this
system which will make the resultant closed-loop system un-
stable. This is indicated by the existence of points above the
unit spectral radius line in Figure 1. The problem occurs with
the given tuning parameters, even though the spectral radius
of the unconstrained system is about 0.33, well below the
stability limit. A closer inspection of these situations reveals
that the instability always occurs when the first output con-
straint in the horizon is active. This behavior was anticipated
in the special cases considered before, since the discrete plant
model has a zero outside the unit circle. Hence to avoid possible
instability, this observation requires the use of a different ap-
proach for constraint handling, or even a system redesign such
that these constraints will not become active during the normal
plant operation. Furthermore, the example shows that all of
the possible values of the closed-loop spectral radius are es-
sentially grouped into various clusters, a fact that can be used
to simplify significantly the elucidation of the stability prop-
erties of the constrained system. According to this observation,
the most important information can usually be obtained
through the investigation of only a much smaller subset of
constraints than the total number of possible combinations.
For instance, in this case, it would be sufficient to evaluate
the stability properties of the system with all input constraints
active throughout the horizon (p,,=0.90), all output con-
straints active throughout the horizon (p,. = 1.43), and both
sets simultaneously (p,, =1.43), together with the uncon-
strained information (p,, = 0.33). This requires examining only

Input horizon

/L {L

Output horizon

12 Y
of1]o] - Jo[:Jo] = Jo
{L fL
11} 12
n;m n,p

Figure 2. Building the constraint index.
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4 active sets, corresponding to the cases where the same com-
bination of inputs/outputs is assumed to be constrained
throughout the horizon, instead of the full 1,024 cases. This
guideline, although heuristic in nature, can potentially lead to
tremendous reductions in the effort involved in a constrained
stability analysis of a linear time-invariant (LTI) model. By
eliminating the dependence on the length of the horizons, the
number of cases which need to be considered can be reduced
from 2"#*"™ to 2"* " resulting usually in significant compu-
tational savings, given the typical size of the horizons used in
practice. This heuristic applies also successfully to all examples
considered so far, deserving therefore further attention in order
to elucidate more rigorously its full range of validity.

Example 2. We examine now the stability properties of
MPC applied to the linearized model of a Fluid Catalytic
Cracking (FCC) unit. This model was obtained by lineariza-
tion, followed by normalization, of the Lee and Kugelman
(1973) model around a nominal stable operating point, as de-
scribed in Oliveira and Biegler (1994). This example illustrates
therefore the use of the previous methodology to study the
local stability properties of a nonlinear model, around a fixed
operating point. Using a sampling time 7'=0.05 leads to the
following discrete model:

0.07362  0.1148 0.01044  0.4390

0.03940 0.1492  0.008940 0.8111
M= 02794 —0.7511 —0.003253 —6.127 |

0.04545  0.1559  0.009798  0.8384

—0.2495 0.6030
0.01680 0.2505

Uy
-5.785 7.2139

0.01157 0.1217

0100
= x,
"loo1ol™

where x=[C, T, C, T,g]T, and u = [F, F})". Here C,. denotes
the coke content in the spent catalyst, 7,, the reactor bed
temperature, C,, the coke content in the regenerated catalyst,
and T, is regenerator bed temperature. The manipulated vari-
ables are F, (air flow rate) and F, (catalyst circulation rate).
The tuning parameters selected are Q,=diag{l, 0.1} and
Q.=diag{0.01, 0.01}. In order to limit the number of possible
active sets, the lengths of the predictive horizons were fixed
in this case as m=p=3, with a total number of 2>=4,096
distinct constraint sets. The spectral radius of the closed-loop
system for each of these possible cases is plotted in Figure 3.

Several situations that may lead to closed-loop instability
can also be observed in this figure. For instance, if the con-
straints in the first input u; become active throughout the
predictive horizon, then the closed system has g,,=1.12. Sim-
ilar behavior occurs if the second input saturates, leading in
this case to p,, = 1.01. The maximum value of spectral radius
(p,,=4.04) is obtained however when both u, and y, are at
their bounds. This behavior with the input constraints could
not be easily anticipated just by examining the unconstrained
characteristics of the plant, since the model is open-loop stable
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Figure 3. Closed-loop spectral radius (SR) of example 2
for all possible combinations of constraints.

and the unconstrained closed-loop system has p,, = 0.53. Look-
ing now at the possible effects of the horizon lengths in the
constrained stability shows that if m is kept equal to p, then
the horizons need to be at least 7 intervals long to avoid prob-
lems associated with the saturation of u, (alone), and 16 in-
tervals for case of u,. These requirements are therefore much
more restrictive than the needs for the simple stabilization of
the unconstrained system. Nevertheless, the stability problem
mentioned, that occurs when both u, and y, are constrained
either during the first interval, or throughout the entire ho-
rizon, cannot be solved simply by increasing the length of the
horizons used. If these constraints are active only during the
first interval, it implies that the first two rows of Q, are null,
according to the special cases considered before; if they are
active throughout the entire horizon, then the null space has
zero dimension, and the solution is entirely determined by the
range space component. As a result, the closed-loop spectral
radius will be well above the stability limit in both cases. These
active sets require therefore special attention in the design of
the control system, so that they do not occur during normal
operation of the process, or even the use of a different approach
for constraint handling, like the soft constraint formalism de-
scribed below.

Example 3. The last example consists of a laboratory sys-
tem composed of two tanks and a connecting delay channel
(Borrie, 1986). The continuous model for this system is de-
scribed by the transfer function matrix:

1.5¢7%% 1.5s
. (s+3) (s+1)(s+3)
GSI=1 5 ge-on -3
(s+3) (s+3)
1 - w g W gy

—— o]
° [ 1000 2000 000 4000
Constraint index

Figure 4. Closed-loop spectral radius (SR) of example 3
for all possible combinations of constraints.
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Here the output variables represent the signals from the flow
and pressure transducers, while the inputs represent the control
signals to the upper and lower values, respectively. Using a
sampling time of 7=0.07 results in the following discrete
model:

0.01478 (z + 5.409)
(z—0.8106)7°

0.02955(z + 5.409)
(z-0.8106)z°

0.09136(z - 1)
(2—0.9324)(z-0.8106)

-0.189%4
z-0.8106

HG(z) =

(16)

In order to use this model within the Newton framework, the
discrete transfer matrix was first converted to a balanced state-
space realization, using a standard technique based on a sin-
gular-value decomposition of the correspondent Hankel matrix
(Chen, 1984). This resulted in a state-space model of order 6.
We plotted in Figure 4 the spectral radius of the resultant
closed-loop system, for predictive horizons of length 3, with
Q,=diag{l1, 1}, Q,=diag{0.1, 0.1}. A close look at these
results reveal that there are also several active sets that can
induce closed-loop instability with the above tuning parame-
ters. Depending on the amount by which the stability limit is
violated, these situations fall essentially into one of two dif-
ferent categories.

In the first group, we have active sets with p,, slightly above
the stability limit (typically less than 1.05). Examples of this
group are for instance the constraint sets 000100001000,
(0,-=1.004), 000100001001, (p,,=1.017), and 010000101001,
(p,,=1.041). Similar to the previous FCC example, the stability
properties of these cases can be improved simply by increasing
the lengths of the predictive horizons used. Furthermore, since
they correspond to situations where a given variable is not
constrained throughout the horizon, the likelihood of stability
problems caused by their occurrence during normal operation
is certainly low. In the second category, we have constraint
sets with p, well above the unit spectral radius line (around
5.41). This behavior is first observed with the constraint set
010000101010, and also occurs whenever both of the outputs
are saturated simultaneously. Here possible stability problems
need to be considered more seriously, since they are not af-
fected by the tuning parameters used, especially the lengths of
the horizons. This is a consequence of the discrete model having
a multivariable zero at z=75.409, revealed by constructing the
canonical Smith-McMillan form of Eq. 16 (Kailath, 1980).
Hence, special care is also needed to ensure that these hard
constraints do not occur during normal operation, due to the
incapability of MPC to handle them.

Strategies for Soft Constraint Handling

In order to remove the dependence of the closed-loop sta-
bility of MPC on certain active sets, several approaches have
been proposed. Ricker et al. (1988) and Zafiriou (1991a) first
suggested the use of a quadratic relaxation of the output con-
straints in the origin of these problems. Based on this philos-
ophy, the last author derived a soft-constrained stability
analysis for the QDMC framework, to assess the existence of
potential constrained stability problems. As with the hard con-
strained case, this analysis suffers from the disadvantage of
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being combinatorial in the length of the horizon used. More
recently, Rawlings and Muske (1993) proposed an alternative
approach, based on the use of a fixed state-feedback law. This
approach relies on the removal of the constraints that become
infeasible in the beginning of the horizon. By keeping a finite
input horizon, and extending the output horizon to infinity, it
is shown that the resulting control law has guaranteed stability
properties similar to the LQR (linear quadratic regulator)
framework. Moreover, since the problem has only a finite num-
ber of degrees of freedom, it can still be solved on-line as a
quadratic program, provided that an upper bound on the time
for constraint feasibility is used. However, this bound is de-
pendent on the controller itself, and is difficult to obtain without
introducing considerable conservativeness in the measure itself.
Additionally, the method does not provide a strict guarantee
that the output constraints will eventually be enforced (espe-
cially in the presence of disturbances), due to the receding nature
of MPC. In this group of approaches, one can also include the
treatment of Mayne and Michalska (1990), which consists of
the specification of a final equality constraint for the state vector
at the end of the predictive horizon. This modification can be
seen as a particular case of the Rawlings and Muske approach
though, by noting that an infinite weight (equivalent to the
specification of a final state constraint) is just a special case of
the initial condition used for the recursive solution of the con-
troller gain in the first method. As in the previous approach,
guaranteed stability properties can be derived, provided that
the constraint set remains always feasible.

In order to generalize the constraint treatment, we need to
consider in more detail the consequences of a potential con-
straint violation in the process. Depending on their importance,
process constraints can usually be classified as hard (if no
violations are allowed at any time), or soft (where violations
might be tolerated to satisfy their objectives). Examples in the
first category include actuator limits, or safety constraints. In
the second category we have, for example, output bounds
corresponding to product specifications. While the original
MPC formulation allows the specification of hard constraints,
it might be preferable to consider in some situations a refor-
mulation of (some of) the original constraints as soft, by in-
troducing penalties associated with their noncompliance.
Typical cases where this last treatment might be preferable
include situations where:

¢ The original problem with hard constraints becomes in-
feasible. In this case it is not possible to satisfy exactly all
constraints simultaneously. This problem is especially prom-
inent in robust predictive formulations, where the constraints
need to be enforced for an entire family of plants, parame-
terized by the uncertain parameters in the presence of dis-
turbances (Campo and Morari, 1986, 1987). In this case, a
heirarchy of objectives can be created by selecting the penalty
weights according to the importance of satisfying each con-
straint individually.

e The original constrained system is unstable, for a signif-
icant range of the tuning parameters.

The examples presented in the previous section illustrate
clearly the possible difficulties induced by the presence of active
hard constraints (in some cases completely independent of the
tuning parameters used), and motivate the need for a more
general constraint handling methodology. The approach fol-
lowed here is based on the use of penalty functions that allow
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for violations of some of these constraints by penalizing the
correspondent violation in the objective. We start by consid-
ering the use of the more common quadratic (or exterior)
penalty function, in the next section. This treatment is then
extended to the /, and /., penalty formulations in the section
on exact penalty treatment. The perspective taken here is to
concentrate first on the effect of the presence of output soft
constraints alone, and then generalize in the end the results
obtained to a mixture of both types of constraints. This view
is consistent with the fact that output constraints tend to rep-
resent more easily desired control objectives, rather than hard
limits in the process itself. Simultaneously, since the vast ma-
jority of the chemical processes is open-loop stable, their closed-
loop stability properties are more sensitive to the presence of
this type of constraints. Our main focus here will therefore be
on the effects of output constraint softening on stability.

Constraint relaxation using the quadratic penalty

The presence of soft constraints is commonly associated with
the use of the quadratic or /, penalty function (for example,
Zafiriou, 1991b). Treating the output constraints as soft, the
predictive control problem (Eqs. 2) can then be expressed as

nzl/ien Ju=Jr+pee (17a)
s.t. U=sUs=sU, (17b)
Y—e<Y=<Y,+¢ (17¢)
e=0, (17d)

with J, given by Eq. 2a. Here p € R" is a scalar penalty pa-
rameter, while the vector ¢ € R" represents a measure of the
original constraint violation. This formulation differs slightly
from Zafiriou (1991b, 1992), where a full weight matrix W is
used, together with the same scalar ¢ for all variables inside
an arbitrary constraint window. Our analysis can also be ex-
tended to this formulation as well. However, the scalar for-
mulation we use is closer to the one in the optimization
literature, where it is known to have the following properties
(Fletcher, 1987): when p—0, we obtain the unconstrained so-
lution of Eqs. 2, when p — oo, the original (constrained) solution
of Eqs. 2 is recovered; for finite values of p, the original active
constraints are violated, which translates into the correspond-
ing ¢, being positive.

The stability analysis developed here builds on the similarity
of the present situation with the original unconstrained control
law. As mentioned before, we will start by ignoring the presence
of other types of constraints with the exception of the soft
output constraints. In this case, the predictive problem (Eqs.
17) can be replaced by

min J,,= (E* = S,,U) 'O, (E* - S,,U)
U.e

+(U-U)'Q(U-U,) +pe’e  (18a)
s.t. Y/:!_GSS,"US Y:d+e (18b)
€=0. (18¢c)
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For a given active set, we can define R =diag{r,},i=1,...,
p, with r,=diag{r;}, j=1, ..., n,, such that:

1 jth output constraint active at either
ry= the upper or lower bound, at #.;
0 otherwise.

This definition allows us to eliminate the constraints (Eq. 18b
and Eq. 18c) in the above problem, by substituting them di-
rectly in the objective function. Doing so yields the following
unconstrained problem:

min Jy,=J,+p(SaU~ Yp) R(S,U-Ys0),  (19)
i

where Y,,=Y,— Y" is formed from the appropriate elements
of Y, or Y,, depending on which constraints are active. This
problem can be solved analytically, giving:

Upin= (SL(Q1 +pR)S,+ Q) “' (SLQ,E* + Q,U, + pSTRY ;)
=KX, +d, + d,,,sp + d,,y, (20)

where
H,=S$,(Q+pR)S,+Q,
K,= - H;'S,(Q,+pR)C"
dp=H;'Q:U,
doy=H;'SQ\Y,,
d,,=pH;'SIRY,.

A close look at the structure of the solution (Eq. 20) reveals
the following result:

Theorem 3. The stability characteristics of the relaxed con-
strained problem (Eqs. 18) are equivalent to the stability of
the unconstrained problem (Eq. 2a), with the tuning param-
eters Q' —Q, +oR, Q7 —Q».

The proof for this theorem is given in the Appendix. This
result equates the effects of the presence of soft constraints to
an equivalent change in the tuning parameters of the uncon-
strained system. This corresponds to a more straightforward
result than the stability criterion given by Zafiriou (1991a),
because only unconstrained information is needed. However,
since the term pR depends on the current active set, different
active sets have in general dissimilar effects on the closed-loop
stability. Hence, as in the hard constraint case, a complete
stability analysis requires a combinatorial study of the effects
of different constraints, which can be difficult to perform for
large horizons. Because the approach affects only output con-
straints, the total number of combinations that need to be
considered now is just 27, though. As in the hard constraint
case, the stability characteristics of the constrained control law
identical for both bounds, since the feedback gain K, does not
depend on Y.

In addition, this approach requires knowing how the tuning
parameters affect the closed-loop stability of the unconstrained
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Figure 5. Effect of tuning parameter Q; = Q, + pRon the
closed-loop spectral radius of example 1, for
different active constraint sets.

system for a wide range of parameter values. This task can be
readily accomplished for LTI systems, where a unique curve
of the closed-loop spectral radius as a function of the penalty
parameter p is needed. However, this information is more
difficult to obtain with other types of models (such as LTV
or nonlinear systems), where it becomes dependent on the
initial conditions or on the operating region considered. The
following examples illustrate the possible application of the
analysis with simple LTI models.

Example 4. Consider the model defined in Example 1.
Using predictive horizons of length m=p=3, and nominal
tuning parameters Q,= 1, Q,=0.01, we plotted in Figure 5 the
closed-loop spectral radius as a function of the penalty pa-
rameter p, for all possible active sets. In addition to the un-
constrained information, we have 2° — 1 =7 curves to check.

From Figure 5, we observe that closed-loop stability is guar-
anteed for Q) <41 (approximately). This limit corresponds also
to the case where the output constraint is just active in the
first interval of the horizon. Therefore, this implies that if the
output constraints for this example are relaxed as soft con-
straints, the penalty parameter used must obey p <40 in order
to avoid closed-loop instability with some of the present active
sets.

Example 5 (Rawlings and Muske, 1993).
the discrete, open-loop stable realization:

4/3 -2/3 1
Xe1= 1 0 X+ 0 Uy

yie=01-2/3 1lx,

We consider now

(21a)

(21b)

obtained from the continuous system:

42—1ls
Gs) TS +ds+42

with a sampling time 7=0.1. We assume a initial condition

X,=[3 317 and output constraints 1y, <0.5, or equivalently
for the state-space representation:

-2/3 1 0.5
xk_<— .
2/3 -1 0.5
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Figure 6. Effect of tuning parameter Q; = Q; +pR on
closed-loop spectral radius of example 5, for
different active constraint sets.

This example exhibits also stability problems when we try to
enforce the output bounds given, as hard constraints. For
example, since the initial condition violates the output con-
straint, from Eqgs. 21 we need uy= 1.75 to satisfy this constraint
at f,. However, this condition causes also the state vector to
increase in norm at ¢,. This implies in turn that u, > u,, in order
to keep inside the feasible region. The input and state sequences
will consequently increase in magnitude, in an unbounded form.
Furthermore, including maximum bounds in the input, in the
form lu,| <u,,, will only make the constrained problem in-
feasible at some point in the future. Like most of the previous
examples, this effect is independent of the tuning parameters
used, since the control solution is always obtained from the
range space of the constraints.

Figure 7. Input and output profiles for example 5.
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Using a quadratic penalty relaxation of the output con-
straints, with horizons of length 5, leads to 2° — 1 =31 possible
active sets to consider. For Q,=Q,=1, we plotted in Figure
6 the effects of the penalty parameter p in the closed-loop
spectral radius, for all possible constraint combinations. The
stability limit is in this case Q,' =3.1, corresponding again to
the output constraint being active just during the first interval
of the horizon.

Figure 7 illustrates the control profiles obtained with this
constraint relaxation strategy. In all cases except with the high-
est value of p the system is stabilized, although this requires
the output constraint to be violated during the first two inter-
vals. To verify the conservativeness of the above stability limit,
we tried to obtain numerically the minimum value of p that
would make the closed-loop system unstable, from the given
initial conditions. The value found in Figure 7 is p.ica € [29.1,
29.2}, which is higher than the theoretical limit of p with all
constraints active, respectively p., =21.2. The discrepancy be-
tween these values is due to the small value of x, used, since
the spectral radius provides only a sufficient condition for sta-
bility. This difference can be decreased simply by increasing
the norm of x,, because the feedback and bias terms in the
control law have roughly opposite effects in the magnitude of
U, in the present case.

As mentioned previously, one of the main disadvantages of
the quadratic penalty formulation is that, even for LTI systems,
the determination of the corresponding stability limits becomes
a nontrivial task for large predictive horizons. Instead of ex-
plicitly enumerating all possible combinations of constraints,
the evaluation of these limits would be faster if the problem
was formulated as an equivalent optimization problem. How-
ever, the resultant problem becomes difficult to solve, because
the spectral radius is in general a nonlinear, nonconvex, and
nondifferentiable function of the parameter p. Some methods
under development for the constrained robustness analysis of
LTI systems (Balakrishnan and Boyd, 1991; Younget al., 1992)
show, however, some promise in this situation. Based on the
use of a branch and bound algorithm, these methods are able
to refine successively the estimates provided by approximate
bounds, allowing the attention to be centered quickly in the
regions of the parameter space that are of more importance.
An alternative approach based on the reformulation of the
problem in a robust framework has also been described by
Zafiriou and Chiou (1992, 1993). In this case knowledge about
the closed-loop structure for some specific sets of constraints
has been used to rearrange the model in a form suitable for
using the structured singular value as a parametric robustness
tool. The main advantage of these developments is that a
sufficient condition for stability (stronger than theorem 2) can
be developed. A similar property for the exact penalty for-
mulation (in this case independent of the value of the penalty
parameter used) is derived in the next section.

The result obtained above can also be generalized to the case
where a mixture of both hard and soft constraints are consid-
ered simultaneously. In order to do that, we define first the
vectors Y, and Y, as the components of the augmented output
vector Y for which hard and soft constraints are specified,
respectively. In a set sense, we assume that Y,UY,=Y, and
Y,NY,=0. Using a similar line of reasoning to the previous
analysis, it is possible to derive the following result:

Theorem 4. Consider the constrained quadratic penalty
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formulation, with a mixture of hard and soft output con-
straints:

min JZn,mix = (E* _SmU) TQ] (E* “S,,,U)
Use

+(U-U)0,(U-U,) +pe'e (22a)

s.t. U=sU=sU, (22b)
Yu<Y, =Y, (22¢)
Yi—e<Y, <Y, +e (22d)
e=0. (22¢)

The stability properties of the mixed constrained problem (Eqgs.
22) are equivalent to the stability of the correspondent hard
constrained only problem (Eqgs. 22a-c) and ¢ =0, with the tun-
ing parameters Q; —Q, - pR, Q; ~—Q,.

The proof for this theorem is given in the Appendix. It allows
the stability properties of a predictive problem with mixed types
of constraints to be related to the stability of the correspondent
hard constrained only problem, for which the analysis pre-
sented in the third section can be applied. Using these results,
it is therefore possible to perform a stability analysis of linear
models in the presence of a large variety of constraints. The
method provides also a systematic mechanism for the choice
of appropriate values for the tuning parameters in order to
avoid most of the problems described in the examples of the
third section. Also, although the previous formulation was
targeted to the use of soft output constraints, the same ap-
proach can be used to treat input constraints provided that the
bounds that these represent can be relaxed. The analysis of
this case using the methodology described previously is
straightforward.

Exact penalty treatment

One of the properties of the quadratic penalty previously is
that for finite values of p, the original output constraints may
not be satisfied, which translates to nonzero values of ¢. This
means that a violation of the original constraints is unavoidable
with this formulation. Replacing the penalty term by the /,
(exact) penalty function eliminates the necessity of increasing
the penalty parameter to infinity to recover the original con-
strained solution. A sufficient condition for this is to have
p> I\, where A is the vector of Lagrange multipliers of the
constraints in the original problem (Fletcher, 1987). This for-
mulation therefore allows better control of the errors resultant
from constraint softening.

Using the /| penalty and starting by ignoring the presence
of input constraints, allows us to express the predictive problem
(Eqgs. 1a-1d) as:

min Jy,=J, + r'max{0, Y- Y,} +r'max{0, -Y+Y,}, (23)
U

with J, given by Eq. 2a. Here re R ={p --- p]” is a vector
of penalty parameters. The penalty terms in Eq. 23 can be
rearranged, leading to the equivalent constrained formulation:
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min Jyp=J,+ e (24a)
Uy

st. Y—e<Y<Y,+e (24b)

=0, (24c)

with e keeping its original definition in the fourth section. The
solution of Egs. 24 can also be obtained in analytical form,
and expressed by:

Umin = (S;lem + QZ) ! (SrZQIE,.r + QZUr— Sr‘fl)\l/z)
=Kx,+d,,+d, +d,, (25)

where X, d,,, and d, are defined by Eqs. 3b-d, and
dhy= - (S;lem + Qz) h ISZ,)\I/z-

The derivation of Eq. 25 is presented in the Appendix. Here
A, is a vector of Lagrange multipliers for the active constraints.
The main difference with respect to the quadratic penalty treat-
ment is that the multiplier A, replaces now the penalty param-
eter r in the feedback law. The presence of each active set
introduces consequently a different bias term d,, in the control
law, dependent on the correspondent Lagrange multipliers.
Since the multipliers are in turn dependent on the values of
the states, Eq. 25 is actually a nonlinear controller. Neverthe-
less, it is also noted in the Appendix that )|, <p, which
provides an upper bound on the magnitude of the term d,,.
Thus, the states generated by Eq. 25 can be bounded by a
linear controller with a gain matrix X given by Eq. 3b and a
fixed bias term d,= — (S7.0,S,,+ Q,) ~'S7r/2. We therefore
have the following result:

Property 1. The control law (Eq. 25), for the exact penalty
relaxation of the output constrained control problem with a
finite p, has identical bounded stability properties to the cor-
responding unconstrained control law (Eq. 2a).

This result is derived in the Appendix, using the boundedness
properties of d,,, d,, and d,,, and noting that the term Kx; is
identical to the unconstrained case. Furthermore, it is also
shown that the bounds for the relaxed and unconstrained re-
sponses can be made arbitrarily close by decreasing the value
of the penalty parameter used. Here an important difference
with respect to the case of an unstable hard constraint behavior
should be noted. Due to the form of Eq. 25, and assuming a
stable unconstrained system, the closed-loop system can only
become unstable if the multipliers A, grow unbounded. How-
ever, this is not possible with a finite p, since we have always
I\l <p. Therefore, the soft constrained solution will never
be identical to the unstable hard constrained response with a
finite value of p, although the difference between the two will
decrease with increasing p. As a consequence, the approach
becomes considerably simpler to apply, especially with time-
varying and nonlinear systems, when compared with the pre-
vious quadratic constraint relaxation strategy. The following
example illustrates this behavior.

Example 6. Consider again the linearized model of a FCC
unit described in Example 2. The previous analysis indicated
that stability problems can occur in the presence of hard con-
straints, if both u, and y, saturate simultaneously. This situ-
ation is illustrated in Figure 8, where we plotted the closed-
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-0.4

Outputs

~0.2

Figure 8. Input and output profiles for example 6 with
hard constraints.

Dots indicate discrete sampling points considered.

loop response for y,,=[0.3 0.2]7, with m=p=20, using an
initial condition x,=[0.2793 0.3000 0.0564 0.3200]", and re-
maining parameters identical to the previous example. The
hard constraints are in this case u,< —0.0397 and y,<0.3. As

0 0.2 0.4 0.6 0.8 1 1.

Figure 9. Input and output profiles for example 6 using
1, penalty relaxation of output constraints.
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can be observed, the controller starts by bringing y, closer to
its setpoint, which induces the appearance of oscillation, since
both of the hard constraints become active. This causes the
outputs to move away from the setpoints after r =0.25 (because
of the finite accuracy used in the computation of the solution).
The outputs converge then very slowly to their respective ref-
erence values, indicating that this problem might occur again
in the future.

The correspondent results using a /, penalty relaxation of
the output constraint are shown in Figure 9. In contrast with
the hard constraint situation, the profiles do not show any
visible oscillation, and the desired setpoints are reached at the
end of the first interval. This example illustrates therefore the
ease of use of the /; penalty formulation. In contrast with the
quadratic penalty formulation, no additional stability infor-
mation is required now to choose the value of p (except knowing
that the input only constrained system is also stabilized by the
present tuning parameters).

A particular characteristic of this formulation is that in
certain situations, as in the next example, large values of p can
produce undesirable steady-state offsets in the closed-loop re-
sponse, due to the receding nature of the MPC law. These
offsets correspond also to a violation of the original con-
straints, but they can be eliminated simply by increasing the
length of predictive horizon used. More precisely, this property
can be stated as follows:

Property 2. The control law (Eq. 25), correspondent to the
exact penalty relaxation of the output constrained control
problem (Eq. 24), exhibits no steady-state offsets for a perfect
model, and any finite value of the penalty parameter p, when
the length of the output predictive horizon goes to infinity.

This property can be demonstrated by noting that with an
infinite output horizon, the objective function (Eq. 24a) can
only be made finite if the last input in the control profile is
able to satisfy the limit of the setpoint trajectory y;’p, at some
point in the output horizon. Therefore, as long as the setpoint
is feasible and reachable, the optimal solution will have no
permanent constraint violation, since the existence of at least
one feasible point corresponding to a finite objective is guar-
anteed in this case. Hence, by choosing a sufficiently large
output horizon, it becomes possible to use any value of p, in
order to limit the error resultant from constraint relaxation.
An additional way of eliminating these offsets is the use of
integral action in the controller, for example, as considered
by Oliveira and Biegler (1993). The following example illus-
trates this behavior with different horizon lengths.

Example 7. Consider again the system of Example 5. Using
the same conditions as in the previous case, we plotted the
control profiles correspondent to predictive horizons of length
m=p=135 in Figure 10. The closed-loop system is stable for all
values of the penalty parameter, although high values of p
produce a steady-state offset, as mentioned. However, when
the length of the predictive horizon is increased to 10 intervals
(in Figure 11), this problem disappears, and all curves reach
now the desired setpoint.

Similar to the quadratic penalty case, the stability properties
with a mixture of both hard and soft constraints can be related
back to the stability of the correspondent hard constrained
only system. This is considered in the following theorem.
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Figure 10. Input and output profiles for example 7.

Theorem 5. Consider the constrained /, penalty formula-
tion, with a mixture of hard and soft output constraints:

min ‘]Zb,mix = (E* - SmU)TQl (E* - S,,,U)
Uy

+(U-U)TQ(U-U,) +rT¢ (26a)
s.t. U<sU<sU, (26b)
YusY,=Yu (26¢)

o 15 1 1.5 2

Figure 11. Input and output profiles for example 7.
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Y,—e<sY, <Y, +e (26d)

e=0. (26¢)

The stability properties of the mixed constrained problem (Eqs.
26) are exactly identical to the stability of the correspondent
hard constrained only problem (Egs. 26a-c), with e=0.

The proof for this theorem can also be found in the Ap-
pendix. The identical stability properties of the /, penalty to
the hard constrained only case make therefore the exact penalty
approach considerably easier to use than the quadratic penalty
formulation, since this approach doesn’t require the knowledge
of how certain changes in the tuning parameters affect the
stability of the correspondent constrained system. In addition,
it should be noted that in contrast with theorems 3 and 4,
property 1 and theorem 5 constitute actually sufficient con-
ditions for (bounded) closed-loop stability of, respectively, the
unconstrained or hard-constrained only system, since the linear
feedback structure of the system is preserved now by the pen-
alty formulation. Therefore, no additional assumptions about
the rate of change of the system structure are required in this
case for the application of theorem 2.

Constraint relaxation using other penalty formulations

The marked difference in the results derived in the previous
sections for the two penalty formulations considered can be
seen essentially as a consequence of the use of quadratic vs.
linear penalty terms in the objective. The results obtained in
this last case can therefore be expected to hold true for other
penalty formulations which are linear in ¢, such as the case of
the /. norm. In this case, the soft constraint formulation can
be expressed as:

min JZC= J2+p€
Use

s.t. Y—le<Y<Y, +l

e=0,

with ¢=[11 --. 1]7, and e € R* now. A similar analysis to the
one developed in the previous section shows that properties 1
and 2, together with theorem 5 also apply in the present case.
The main difference now is the bound for the Lagrange mul-
tiplier \,, which can be shown to satisfy IA\|,<p instead.
Otherwise, the control law is also given by Eq. 25. The per-
formance of this formulation with the model considered in the
Example 7 is illustrated in Figure 12, with horizons of length
m=p=10, and identical conditions to the previous case. The
behavior shown is similar to the one obtained previously with
the /; penalty (including the appearance of steady-state offsets
with small horizons). However, since the infinity norm only
weights the maximum constraint violation observed in the ho-
rizon, changes in p will induce now essentially the opposite
effect in the characteristics of the closed-loop response. For
instance making p larger will produce a lower peak, resulting
in a slower output response, which stays outside the constraint
bounds longer. This is a consequence of the inverse response
nature of the system. We can also note that, contrary to the
behavior of this system with the /; penalty, all profiles in Figure
12 for p#0 have now a peak of smaller amplitude than the
corresponding unconstrained response.
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Figure 12. Input and output profiles for example 7 with
1., penalty.

Conclusions

This article presented a systematic analysis of the stability
properties of MPC, in the presence of both hard and soft
constraints. A perspective similar to treatment of Zafiriou
(1990, 1991a,b) was used, which handles the nonlinearities
introduced by the presence of active constraints through sep-
arate consideration of each different active set. Some impor-
tant characteristics of the predictive control law were revealed
here for the first time. These include the derivation of an
explicit closed form expression for the optimal solution of the
predictive problem in the presence of both hard and mixed
types of constraints, as well as showing that active dutput
constraints can introduce additional feedback terms in the
constrained controller. As proposed above, the algorithm relies
on a range and null space decomposition of the matrix of hard
constraints, which is well suited for numerical (large scale)
computation and can be implemented in a numerically robust
form, for example, through a QR decomposition. The ex-
amples considered also show that in most cases the more im-
portant stability information relative to the presence of hard
constraints can be derived by considering just a significantly
smaller subset of constraints than the total number of possible
combinations. According to this observation, the cases where
the same combination of inputs/outputs is assumed to be con-
strained throughout the horizon give a good indication of
whether hard stability problems can be expected. As seen, this
allows a considerable reduction in the effort required for a
constrained stability analysis of a linear model.

In addition to providing tools for systematic diagnosis of
possible stability problems with hard constraints, this article
presented some alternative constraint handling methodologies
that enable these problems to be avoided. This is done through
a relaxation of the problematic hard constraints, using a pen-
alty formulation. This approach is most useful for output
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constraints, which represent frequently control objectives,
rather than rigid limits in the process.

Starting with the case of a quadratic penalty, we showed
that the stability properties with soft constraints can be related
to the stability of the equivalent system with these constraints
removed by a simple change in the tuning parameters used.
This corresponds in general to a finite maximum value of the
penalty parameter that can be tolerated for stability. Also, this
approach still suffers from the disadvantage of being combi-
natorial in the length of the predictive horizon used. The exact
(or /) penalty eliminates this last requirement leading to a
constrained formulation that has the same bounded stability
properties as in the absence of the soft constraints. Because
of the nature of the problem, this last result extends also to
other penalty formulations which are linear in the constraint
violation term. This is especially true with the case of the /,
norm, for which a stronger bound for the Lagrange multipliers
was shown to exist. This characteristic, together with the re-
quirement of a finite value of the penalty parameter to match
the solution of the original problem, simplifies considerably
the use of soft constraints, especially for time-varying and
nonlinear systems. We believe that the use of this exact penalty
treatment has profound consequences on the design of con-
strained controllers, since it opens the possibility of using es-
sentially all of the available tools for constrained control in
this situation as well (for example, robustness, and so on).
This observation is particularly pertinent to LTI models, for
which a multitude of design methods is currently available.
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Appendix
Proof of Theorem 3
The optimality conditions for Egs. 18 can be written as:

L=ty +pe e+ N (S, U~ Yog—€) + N (= S,U+ Yy—e) —Ne

VL =2(S10:S.+ Q) U-2S.0,E*

—20,U,+Sh(ML—N)=0 (Ala)
V.L=2pe— N\~ N—N=0 (Alb)
M€ =0 (Alc)
MNilSuU—~ Yoy —€);=0 (Ald)
Nil =S U+ Yig—e€);=0 (Ale)
ANiz=0, MN=0, Nyz0, (Alf)

withi=1, ..., n,p. Assuming distinct upper and lower output
bounds, the following combinations of values for the multi-
pliers are possible.

I An=N=N=0, vi=1,..
unconstrained case (e =0).

(2) Ai=N;=0, \;;>0. From Eq. Alc, this implies that ¢;=0.
However, from Eq. Alb, this implies that A\, + \;<0, which
contradicts the initial assumption. Hence, this combination of
multipliers is not possible.

(3) A\;i>0, N;=0, A\y;=0. From Eq. Alb, this implies that
\.i=2p€;, and consequently ¢;>0. In this case we have from

., np. This corresponds to the
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Eq. 19, (S,U),;= Y}, +¢;, and Eq. 19 can be used in this case
with R;#0, and Y,,;= Y},

4) N\.=0, \;>0, A\y=0. From Eq. Alb, this implies that
;= 2p¢;, and consequently ¢,>0. In this case we have from
Eq. 18b, (S, U);= Y;;—¢;, and Eq. 19 can be used also in this
case with R;#0, and Y;,,= Yy,

(5) \i>0, N\;=0, A\y;>0. From Eq. Alc, ¢,=0, and Eq. Alb
gives A, + Ay;=0, which is inconsistent with the original as-
sumption. This combination of multipliers is therefore not
possible.

6) N\;=0, N\;>0, \;>0. Similarly to case 5, this leads to
Ni+ A, =0, which is also inconsistent with the original as-
sumption. Hence, this combination of multipliers is not pos-
sible.

Hence, Eq. 20 can be used with all consistent combinations
of multipliers. This leads to:

Upin=H; (SLQ.E* + QU, + pSTR Y py)
=H;'(S5Q1(Yy,— Y*) + QU+ pSLR (Y, - Y*))
=H;'(-S,(Q\+pR)Y") +550.Y,+ QU+ pSHRY,),

and therefore

Unin= (S (@1 +pR) S+ Q2) ™' (= S1(Qi +pR)C"x;
+87Q1 Y, + QU +pSIRY,).  (A2)

Comparing Eq. A2 with Eq. 3, we note that the feedback term
becomes identical in both cases, if we replace Q, in Eq. 3 by
Q.+ pR. Therefore, the stability properties of the relaxed con-
troller are identical to the equivalent unconstrained controller
with the new tuning parameters.

Proof of theorem 4

Similar to the hard constraint stability analysis of the third
section, we start by assuming that the present hard active set
is known, and given by Eqs. 4. Also, as in the soft-constrained
only case, we define R=diag{r;}, i=1, ..., p, with
ri=diagf{r;}, j=1, ..., n,, such that:

1 jth output soft constraint active
r= at either bound, at ¢, ;
0 otherwise.

(Clearly, values of R different of zero will only occur now with
the elements of Y,.) This definition allows us to eliminate the
soft constraints (Eq. 22d) in the mixed formulation, by sub-
stituting them directly in the objective function. Doing so yields
the following hard constrained problem:

Min Jyg mix =2+ p(SuU~ Yoa) R(SnU~ Y3a)
U
s.t. I'U=Uj}
SLU=Yi- Y.

This problem can now be treated using the hard-constrained
approach described in the third section. Since the hard con-
straints are identical in both cases, we will have the same bases
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for the range and null subspaces Q, and Q, in both situations,
as well as the same range space solution U,, given by Eq. 10.
From Eq. 22a, the objective can be expressed as:

Joa, mix (U) = constant + 2a/ U+ UTH,U, (A3)

Wlth a& == SZ;:QIE* - QZUr - pSZ‘nR Y;d’ Hs = Sr: ( QI + pR)Sm
+ Q.. The first-order coefficient can also be expressed as:

as= —S;Ql(ysp- Y) —QzU,—pS;,R( Y,— Y*)
=Sn(Qi+pR)Y" - 570, Y, — Q:U, - pSLRY,. (Ad)
Replacing Eq. 8 in Eq. A3 gives:

Joa, mix (U;) = constant + 24} .U,
+2UTQIHQ. U, + UQIHQU..
Solving VJy, mix (U;) =0 leads to:
Uz= - (QIHSQz)ElQZ(as"'HSQyUy)- (AS)
Equations 10 and AS can finally be combined to give the
analytical solution of the mixed constrained formulation. Re-
placing these equations in Eq. 8 gives:

U=Kx,+dy o+ dp+du+dg, (A6)

where we have defined:

Hps = Q.gHsQ.z (A7)
B,=QH,'Q7 (A8)

K;= = (Uym—BH)Q,K,C "~ B,SI,(Q1 +pR)C”  (A9)

dsy= (Inim_BsHs)QyKng+szSr7r;R Yb’ (AlO)

with d, s, d, and d,, defined by Eq. 14d-f. Comparing now
Eq. A6 with Eq. 13, it is possible to observe that the feedback
term becomes identical in both cases if we replace Q, in Eq.
13 by Q, + oR. Therefore, the stability properties of the mixed
formulation are equivalent to the stability of the correspondent
hard constraint only formulation, with the new tuning param-
eters.

Derivation of Eq. 25
We start with the optimality conditions of Eqs. 24:

LC=L+rTe+ \N(Y* +S,U~Y,~¢€)
+N (=Y =S, U+Y,~¢)—Ne

VL =VL+SL(N~N) =2(S70,S, + Q) U~2STQ,E*

—20,U,+SL(n—2)=0 (Alla)
VL=r—N-N—-N=0 (Allb)
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Aie;=0 (Allc)

Ni(Y=Y,—¢€);=0 (Al1d)

N(=Y+Y,—€);=0 (Alle)

Ai=0, N=0, ANy=0, (Allf)

with i=1, ..., n,p. From Egs. Al1b,f we conclude immedi-

ately that:

Nlw=p, INe<p.

Assuming distinct upper and lower output bounds, together
with the nondegenerancy of the problem (that is, there are no
redundant constraints (either linearly dependent, or with the
same solution as the unconstrained formulation)), the follow-
ing combinations of values for the multipliers need to be con-
sidered:

(1) Nu=N\=N\=0,vi=1, ..., np. This is inconsistent with
Eq. Allb,f, and therefore this combination of multipliers is
not possible.

2) Ai=N;=0,A,;>0.From Eq. Allc, thisimplies that ¢;=0,
and from Eq. A11b we have A,;=p. This corresponds therefore
to the unconstrained case.

3) Ai>0, X\;=0, N\;=0. From Eq. Allc, this implies that
¢,>0, and we will have some constraint violation. From Eq.
Allb, we obtain A\, =p. In this case Eq. Alla becomes:

VL=V +8N\=0, (A12)
with A, =\,

4) N\,;=0, \;>0, A\y;=0. From Eq. Allc, this implies that
¢,>0, and we will have some constraint violation. From Egq.
Allb, we obtain A\,=p. In this case Eq. Al2 applies with
A= =N

(5) N\;>0, A;=0, \,;;>0. From Eq. Allc, ¢;=0. Also from
Eq. Alld, Y,=Y,, which corresponds to the exact solution of
the original constrained problem. In this case Eq. Al2 is also
valid, with A\;;=\,;<p.

6) A\,;=0,7N;>0,\,;>0. Similarly to case $, this corresponds
to the exact solution of the original constrained problem, now
at the lower bound. Here Eq. Al2 is also valid with
A= —N<p.

Hence, Eq. A12 is also valid for all consistent combinations
of constraints. A; € R™” can now be defined as:

0 lf )\ui = )\Ii = O
Ni= i if \,;>0 ,
-N ifN>0

i=1,..., np.

Solving Eq. A12 for U gives finally:

Unin= (S1Q:Sm+ @) " (STQE™ + QU ~ 57N /2).

Proof of property 1
The closed-loop response of a LTV system:
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xs+l=q>yxs+rsus (Al3)

with the unconstrained controller (Eq. 3) can be written as:

Xs1 = chsxs'*'rsds

Xs.n= (H (bclswr />xs+ ZBS+IdS+[D

(Al4)

where we have defined:

q)d,s = q)x + Fsks
k;=11,0 --- 0}K,
di=Un0 --- 01(dys+d.s)

s+1_(l | q’cl:+n j) s+

Without loss of generality, we assume in this derivation the
use of Y, = U, =0, which corresponds to the equilibrium point
x* =0, of the system (Eq. A13). If the unconstrained system
is asymptotically stable, then lim,_oIl}-®ys+n-;=0, and a
bound on the magnitude of x;, , can be obtained by taking the
norms of both sides of Eq. A14 giving, for sufficiently large n:

I l q’cls+n~1

i=1

I, I+ Z Bz, hd,, I

x; .o

=y +EZ17 d=Cn" +1£—d
1=0 1

with 0<9<1, a finite £>0, and d=max|d,, !, /=0,

n— 1. This bound remains therefore finite, as n— oo, Similarly,
for the controller (Eq. 25) resulting from the exact penalty
relaxation of the output constraints, we have:

Xs4n= <H chs-rn />xs+ ZBS+/(dS+I+dbS+[)’

=1 =0

with dy;=[1,, 0 - - - 0]d,,;, which leads to the bound:

n-1
Ix,,l <Cn"+E > 0'(d+p)
=0

Ul
©

+

ave|

=Cp"+

>

—

=

also with finite £, and where p is the penalty parameter defined
in Eqgs. 24. Therefore, the boundedness of the response of the
unconstrained system implies also the boundedness of the state
vector in the case of the exact penalty formulation.

Proof of Theorem 5

As previously, we start by assuming that the present hard
active set is known, and given by Eqs. 4. Defining Y, =Y,
+8,,U (that is, the outputs for which soft constraints are
specified), the optimality conditions of Egs. 26 can be written
as:

L=D+rTe+ N, (Y) +S,,,SU— Yy —€)
( SVms(]‘i' Yls-e)

+NLTU=Ug) + N(SU~ Yi+ Y™ — Ne

VoL=Vh+ I\, + (Sa) N+ She(Au—Ag) =0 (Al5a)
VEL=r—Ngy—Ag—N=0 (A15b)

Ai€i=0 (Al5c¢)

N il Ys— Ys—€);=0 (A15d)

MNi( =Y+ Y,—¢€)=0 (Al5e)

Aaiz0, Ag;20, Ay=0, (Al5)

with i=1, ..., n,, where n, represents the total number of
output variables for which soft constraints are specified. From
Eqs. A15b,f it is also possible to conclude that:

I)\sulm—p’ |)\sl‘cmsl)- (A16)

Considering now the possible values of the multipliers A, A,
and A, in a similar fashion to the derivation of Eq. 25 shows
that Eq. Al5a can also be expressed in the form:

VL= V4 (F) N+ (S2) Ny +ShM =0, (AL7)

by defining in this case:

0 if Ny =Ny =0
)\li = )\su.i lf )‘su,i> 0 ’
— A if Ay >0

i=1, ..., Ny

Comparing Eq. A17 with the optimality conditions of the hard-
constraint only case, it is possible to observe that the only
difference between these two cases is the presence of the ad-
ditional bias term ST\, in Eq. A17. Since this term is bounded
in magnitude according to Eq. A16 and can also be treated by
Property 1, the mixed constraint formulation possesses there-
fore identical stability properties to the correspondent hard
constraint only formulation.
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